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Òåîðèÿ èíòåðïðåòàöèé

Òåîðåìà Ã¼äåëÿ îá Th(Z), 1931

Ýëåìåíòàðíàÿ òåîðèÿ Th(Z) íåðàçðåøèìà.

Òåîðåìà Òàðñêîãî, Ìîñòîâñêîãî, Ðîáèíñîíà, 1953

Åñëè Z èíòåðïðåòèðóåòñÿ â àëãåáðàè÷åñêîé ñèñòåìå A (Z⇝ A), òî
ýëåìåíòàðíàÿ òåîðèÿ Th(A) íåðàçðåøèìà.

Òåîðèÿ èíòåðïðåòàöèé ìîæåò ìíîãî áîëüøå.
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Ãðóïïû Áàóìñëàãà �Ñîëèòåðà

BS(m, k) = ⟨a, b | b−1amb = ak⟩ � ãðóïïà Áàóìñëàãà �Ñîëèòåðà ñ

ïàðàìåòðàìè m, k ∈ Z

BS(1, k) = ⟨a, b | b−1ab = ak⟩, k > 1, � ìåòàáåëåâà íåàáåëåâà

ãðóïïà Áàóìñëàãà �Ñîëèòåðà

∀ x, y, z, t ([[x, y], [z, t]] = e) � òîæäåñòâî ìåòàáåëåâîñòè

BS(1, k) � ïîäãðóïïà ãðóïïû àôôèííûõ ïðåîáðàçîâàíèé

âåùåñòâåííîé ïðÿìîé:

a : x→ x+ 1,

b : x→ k−1x,

b−1ab : x→ x+ k,

ak : x→ x+ k
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Ýëåìåíòàðíàÿ òåîðèÿ ãðóïïû BS(1, k)

Öåëü

Ñîáðàòü òåîðåòèêî-ìîäåëüíîå ¾äîñüå¿ íà ãðóïïó

Áàóìñëàãà �Ñîëèòåðà BS(1, k).

Òåîðåìà Íîñêîâà, 1983

Ýëåìåíòàðíàÿ òåîðèÿ Th(BS(1, k)) íåðàçðåøèìà.
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Ïðîáëåìà òèïà Òàðñêîãî = First-order classi�cation
problem

Ïóñòü A � àëãåáðàè÷åñêàÿ ñèñòåìà ÿçûêà L.

Ïðîáëåìà òèïà Òàðñêîãî äëÿ A

Îïèñàòü ñòðóêòóðó àëãåáðàè÷åñêèõ L-ñèñòåì, ýëåìåíòàðíî

ýêâèâàëåíòíûõ A, òî åñòü ñòðóêòóðó ìîäåëåé ýëåìåíòàðíîé òåîðèè

Th(A), Ã ≡ A.

Ïðîáëåìà òèïà Òàðñêîãî äëÿ BS(1, k)

Îïèñàòü ñòðóêòóðó ãðóïï, ýëåìåíòàðíî ýêâèâàëåíòíûõ ãðóïïå

Áàóìñëàãà �Ñîëèòåðà BS(1, k).

Ïðîáëåìà òèïà Òàðñêîãî äëÿ êîëüöà Z

Íåñòàíäàðòíûå ìîäåëè êîëüöà Z õîðîøî îïèñàíû, Z̃ ≡ Z.
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Ïðîáëåìà òèïà Òàðñêîãî äëÿ ãðóïïû BS(1, k)

Ïðîáëåìà òèïà Òàðñêîãî äëÿ BS(1, k)

Îïèñàòü ñòðóêòóðó ãðóïï, ýëåìåíòàðíî ýêâèâàëåíòíûõ ãðóïïå

Áàóìñëàãà �Ñîëèòåðà BS(1, k).

Òåîðåìà Íîñêîâà, 1983

Êîëüöî Z èíòåðïðåòèðóåòñÿ â ãðóïïå BS(1, k) (Z⇝ BS(1, k)),
ïîýòîìó ýëåìåíòàðíàÿ òåîðèÿ Th(BS(1, k)) íåðàçðåøèìà.

Ýòîãî ìàëî äëÿ ðåøåíèÿ ïðîáëåìû òèïà Òàðñêîãî.

Íóæíà ïî ìåíüøåé ìåðå îáðàòíàÿ èíòåðïðåòàöèÿ BS(1, k)⇝ Z.
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Îáðàòíàÿ èíòåðïðåòàöèÿ BS(1, k)⇝ Z, Kh�elif, 2007

Ôàêò

Ãðóïïà BS(1, k) èçîìîðôíà ïîëóïðÿìîìó ïðîèçâåäåíèþ Z[1/k] ⋊Z,
ãäå

Z[1/k] = {zki | z, i ∈ Z} ⊂ Q.

Èíòåðïðåòàöèÿ BS(1, k)⇝ Z:

ýëåìåíòû (zki,m) ãðóïïû BS(1, k) çàäàþòñÿ òðîéêàìè öåëûõ

÷èñåë (z, i,m);

ãðóïïîâàÿ åäèíèöà e, ãðóïïîâîå óìíîæåíèå · è âçÿòèå

îáðàòíîãî −1 çàäàþòñÿ ôîðìóëàìè â Z íà òðîéêàõ:

(z1k
i1 ,m1)(z2k

i2 ,m2) = (z1k
i1 + z2k

i2−m1 ,m1 +m2),
(zki,m)−1 = (−zki+m,−m),

e = (0, 0).
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×òî äà¼ò èíòåðïðåòàöèÿ BS(1, k)⇝ Z?

BS(1, k) ≃ Z[1/k] ⋊Z

Z[1/k] = {zki | z, i ∈ Z}

Ýëåìåíòû Z[1/k] ⋊Z çàäàþòñÿ òðîéêàìè öåëûõ ÷èñåë (z, i,m)

(z1k
i1 ,m1)(z2k

i2 ,m2) = (z1k
i1 + z2k

i2−m1 ,m1 +m2),
(zki,m)−1 = (−zki+m,−m),

e = (0, 0)

Z̃ ≡ Z

Z[1/kZ̃] = {zki | z, i ∈ Z̃}

BS(1, k, Z̃) := Z̃[1/kZ̃] ⋊ Z̃ � íåñòàíäàðòíàÿ ìîäåëü BS(1, k)

BS(1, k,Z) := Z[1/k] ⋊Z ≃ BS(1, k)

BS(1, k, Z̃) ≡ BS(1, k)

Îïÿòü ìàëî.
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Ðåãóëÿðíàÿ áèèíòåðïðåòàöèÿ

Z BS(1, k)
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Ðåãóëÿðíàÿ áèèíòåðïðåòàöèÿ

Z BS(1, k)

O.Kharlampovich, A.Myasnikov, M. Sohrabi

Rich groups, weak second-order logic, and applications

Groups and Model Theory: GAFTA Book 2, 2021, 127�192
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Ðåãóëÿðíàÿ áèèíòåðïðåòàöèÿ

Z BS(1, k)

Òåîðåìà î áèèíòåðïðåòàöèè, 2024

Êîëüöî Z è ãðóïïà BS(1, k) ðåãóëÿðíî ñèëüíî áèèíòåðïðåòèðóåìû.

11 / 20



Òåîðåòèêî-ìîäåëüíîå ¾äîñüå¿ íà BS(1, k)

Òåîðåìà î áèèíòåðïðåòàöèè, 2024

Êîëüöî Z è ãðóïïà BS(1, k) ðåãóëÿðíî ñèëüíî áèèíòåðïðåòèðóåìû.

(I) Ðåøåíèå ïðîáëåìû òèïà Òàðñêîãî

(II) Ïðèìàðíîñòü, àòîìàðíîñòü, îäíîðîäíîñòü

(III) Ýëèìèíàöèÿ ìíèìîñòåé

(IV) Êâàçèêîíå÷íàÿ àêñèîìàòèçèðóåìîñòü (QFA)

(V) Áîãàòñòâî

(VI) Ñâîéñòâà êàòåãîðíîé òåîðèè èíòåðïðåòàöèé òèïà Z
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(I) Ðåøåíèå ïðîáëåìû òèïà Òàðñêîãî

Òåîðåìà î ñòðóêòóðå ìîäåëåé òåîðèè Th(BS(1, k)), 2024

1

G ≡ BS(1, k) ⇐⇒ ∃ Z̃ ≡ Z G ≃ BS(1, k, Z̃)

2 åñëè Z1 ≡ Z ≡ Z2, òî

BS(1, k,Z1) ≃ BS(1, k,Z2) ⇐⇒ Z1 ≃ Z2
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(II) Ïðèìàðíîñòü, àòîìàðíîñòü, îäíîðîäíîñòü

Òåîðåìà î ïðèìàðíîñòè, àòîìàðíîñòè, îäíîðîäíîñòè

Ãðóïïà BS(1, k) ÿâëÿåòñÿ ïðèìàðíîé ìîäåëüþ ñâîåé ýëåìåíòàðíîé

òåîðèè Th(BS(1, k)), êðîìå òîãî, ãðóïïà BS(1, k) àòîìàðíà è
îäíîðîäíà.

Îïðåäåëåíèÿ

1 Ïðèìàðíîñòü � BS(1, k) ýëåìåíòàðíî âêëàäûâàåòñÿ â
BS(1, k, Z̃), Z̃ ≡ Z.

2 Àòîìàðíîñòü � ëþáîé ïîëíûé òèï, ðåàëèçóåìûé â BS(1, k),
èçîëèðîâàí â Th(BS(1, k)) (¾ïîðîæäàåòñÿ¿ åäèíñòâåííîé

ôîðìóëîé).

3 Îäíîðîäíîñòü � åñëè íàáîðû ā è b̄ èç BS(1, k) ðåàëèçóþò îäèí
è òîò æå ïîëíûé òèï, òî ā ïåðåâîäèòñÿ â b̄ íåêîòîðûì

àâòîìîðôèçìîì ãðóïïû BS(1, k).
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Íåñòàíäàðòíûå ìîäåëè BS(1, k) êàê Z̃-ãðóïïû

BS(1, k) ýëåìåíòàðíî âêëàäûâàåòñÿ â BS(1, k, Z̃)

Òåîðåìà î Z̃-ãðóïïàõ Áàóìñëàãà �Ñîëèòåðà, 2024

BS(1, k, Z̃) � Z̃-ñòåïåííàÿ ãðóïïà, Z̃ ≡ Z,

BS(1, k, Z̃) = ⟨a, b | b−1azb = ak
z

, z ∈ Z̃⟩Z̃

BS(1, k) = ⟨a, b | b−1ab = ak⟩

BS(1, k) = ⟨a, b | b−1azb = ak
z

, z ∈ Z⟩
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(III) Ýëèìèíàöèÿ ìíèìîñòåé = Elimination of
imaginaries

Òåîðåìà îá ýëèìèíàöèè ìíèìîñòåé, 2024

Ãðóïïà BS(1, k) äîïóñêàåò ýëèìèíàöèþ ìíèìîñòåé ñ ïàðàìåòðàìè.

Îïðåäåëåíèå

Ãîâîðÿò, ÷òî àëãåáðàè÷åñêàÿ ñèñòåìà A = ⟨A;L⟩ äîïóñêàåò
ýëèìèíàöèþ ìíèìîñòåé ñ ïàðàìåòðàìè, åñëè äëÿ ëþáîãî n è ëþáîãî

îïðåäåëèìîãî îòíîøåíèÿ ýêâèâàëåíòíîñòè ∼ íà An ñóùåñòâóåò m è

îïðåäåëèìàÿ èíúåêòèâíàÿ ôóíêöèÿ F : An/∼ → Am.
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(IV) Êâàçèêîíå÷íàÿ àêñèîìàòèçèðóåìîñòü =
Quasi-�nitely axiomatibility (QFA)

Òåîðåìà î QFA

Ãðóïïà BS(1, k) ÿâëÿåòñÿ QFA-ãðóïïîé, òî åñòü ñóùåñòâóåò òàêîå
ïðåäëîæåíèå ψ ãðóïïîâîãî ÿçûêà, ÷òî äëÿ ëþáîé êîíå÷íî

ïîðîæä¼ííîé ãðóïïû G, êàê òîëüêî G |= ψ, òàê ñðàçó G ≃ BS(1, k).
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(V) Áîãàòñòâî = Richness

Òåîðåìà î áîãàòñòâå BS(1, k)

Ãðóïïà BS(1, k) ÿâëÿåòñÿ áîãàòîé àëãåáðàè÷åñêîé ñèñòåìîé, òî åñòü

â íåé ëîãèêà ïåðâîãî ïîðÿäêà èìååò òó æå âûðàçèòåëüíóþ ñèëó, ÷òî

è ñëàáàÿ ëîãèêà âòîðîãî ïîðÿäêà.
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Ñïàñèáî
çà âíèìàíèå!
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