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Îïðåäåëåíèå

Ïóñòü ϕ : G → G � ïðîèçâîëüíûé àâòîìîðôèçì ãðóïïû G . Ãîâîðÿò,
÷òî ýëåìåíòû f , g ∈ G ϕ-ñîïðÿæåíû, åñëè ∃x ∈ G : ϕ(x)g = fx .
Îáîçíà÷åíèå f ∼ϕ g .

Êîëè÷åñòâî êëàññîâ ϕ-ýêâèâàëåíòíîñòè R(ϕ) íàçûâàåòñÿ ÷èñëîì
Ðàéäåìàéñòåðà àâòîìîðôèçìà ϕ.

Îïðåäåëåíèå

Ñïåêòð Ðàéäåìàéñòåðà ãðóïïû G � ìíîæåñòâî âñåõ ÷èñåë

Ðàéäåìàéñòåðà àâòîìîðôèçìîâ äàííîé ãðóïïû.

Spec(G ) = {R(ϕ) |ϕ ∈ Aut(G )}

ExtSpec(G ) = {R(ϕ) |ϕ ∈ End(G )}
Âïåðâûå ïîíÿòèå ñïåêòð Ðàéäåìàéñòåðà âîçíèêëî â ðàáîòàõ
Â.À.Ðîìàíüêîâà è Å.Ã.Êóêèíîé â 2009 ãîäó.
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Ñïåêòð Ðàéäåìàéñòåðà



Ïðåäûñòîðèÿ

Ãîâîðÿò, ÷òî ãðóïïû, äëÿ êîòîðûõ Spec(G ) = {∞}, îáëàäàþò
ñâîéñòâîì R∞.
Âîïðîñ î òîì, êàêèå ãðóïïû îáëàäàþò ñâîéñòâîì R∞
ñôîðìóëèðîâàëè À.Ôåëüøòûí è Ð.Õèëë â 1994 ãîäó.

íåýëåìåíòàðíûå ãèïåðáîëè÷íûå ïî Ãðîìîâó ãðóïïû;

ãðóïïû Âàóìñëàãà-Ñîëèòåðà çà èñêëþ÷åíèåì Â(1,1);

îòíîñèòåëüíî ãèïåðáîëè÷íûå ãðóïïû;

ãðóïïû Ãðèãîð÷óêà è Ãóíòû-Ñèäêè;

Ãðóïïû, îáëàäàþùèå R∞, ïðîäîëæàþò èññëåäîâàòüñÿ.

Â ðàáîòå 2007 ãîäà Ô.Ê.Èíäóêàåâà èçó÷åíà ãðóïïà Ãåéçåíáåðãà N22,
äîêàçàíî, ÷òî â åå ñïåêòðå ñîäåðæàòñÿ ÷åòíûå íàòóðàëüíûå ÷èñëà.
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Ïåðâûå ðàáîòû

Â ðàáîòå 2009 ãîäà Å.Ã. Êóêèíîé âû÷èñëåí ñïåêòð Ðàéäåìàéñòåðà
áåñêîíå÷íûõ àáåëåâûõ ãðóïï.

Spec(Z) = {2,∞}
Spec(Zn) = N ∪ {∞} (ãðóïïà ïîëíîãî ñïåêòðà)

Â ðàáîòå 2009 ãîäà Â.À.Ðîìàíüêîâà è Å.Ã.Êóêèíîé ðàññìîòðåíû
ñïåêòðû ñâîáîäíûõ íèëüïîòåíòíûõ ãðóïï.

Spec(N22) = 2N ∪ {∞}
Spec(N32) = {2k − 1|k ∈ N} ∪ {4k |k ∈ N} ∪ {∞}
Spec(N23) = {2k2|k ∈ N} ∪ {∞}
N2c , c ≥ 4 ∈ R∞
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Ïåðâûå ðàáîòû

Â ðàáîòå Â.À. Ðîìàíüêîâà+Å.Ã.Êóêèíîé 2009 ãîäà, êðîìå òîãî:

Ëþáàÿ ñâîáîäíàÿ ðàçðåøèìàÿ ãðóïïà S2t ðàíãà 2 êëàññà t ≥ 2 (â
÷àñòíîñòè ìåòàáåëåâà M2) óäîâëåòâîðÿåò R∞.

Ëþáàÿ ñâîáîäíàÿ ðàçðåøèìàÿ ãðóïïà S3t ðàíãà 3 êëàññà t ≥ 4
∈ R∞.

Ëþáàÿ ñâîáîäíàÿ ðàçðåøèìàÿ ãðóïïà Srt ðàíãà r ≥ 4 êëàññà
t ≥ log2(2r + 1) ∈ R∞.

Â ðàáîòå Â.À.Ðîìàíüêîâà 2009 ãîäà

N � êîíå÷íîïîðîæäåííàÿ íèëüïîòåíòíàÿ ãðóïïà. Ïîñòðîåí
àëãîðèòì, êîòîðûé ïî àâòîìîðôèçìó íàõîäèò R(ϕ).

Nrc � ñâîáîäíàÿ íèëüïîòåíòíàÿ ãðóïïà. Åñëè r = 2, 3, c ≥ 4r
èëè r ≥ 4, c ≥ 2r , òî îíà R∞
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Ïåðâûå ðàáîòû

Å.Ã.Êóêèíà, Ñïåêòðû Ðàéäåìàéñòåðà ñâîáîäíûõ àáåëåâûõ ãðóïï
è ñâîáîäíûõ íèëúïîòåíòíûõ ãðóïï ñòóïåíè 2 ðàíãîâ 2 è 3/ / Â
ñá. ¾Ìàòåìàòèêà è èíôîðìàòèêà: íàóêà è îáðàçîâàíèå :
Ìåæâóçîâñêèé ñáîðíèê íàó÷íûõ òðóäîâ. Åæåãîäíèê¿ Âûï. 8. -
Îìñê: Èçä-âî ÎìÃÏÓ, 2009.

E.G.Kukina, V.A.Roma'nkov, On the Reidemeister spectrum and the
R∞ for some free nilpotent groups. // arxiv:math.GR/0903.3455,
2009

V.A.Roman'kov. Twisted conjugacy classes in nilpotent groups.// J.
Pure Appl. Algebra, 215 No. 4, 2011.
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Ñëåäóþùèå øàãè

Óæå â 2009 ãîäó âîçíèêàþò ñòàòüè äðóãèõ àâòîðîâ, èñïîëüçóþùèå
ïîíÿòèå cïåêòð Ðàéäåìàéñòåðà.
Ôåëüøòûí-Ãîíñàëâåñ, 2009 ãîä.

Âû÷èñëåíû ñïåêòðû ìåòàáåëåâûõ ãðóïï âèäà Qn ⋊ Z è

Z
[
1
p

]n
⋊ Z.

Spec(Q) = {1} ∪ {∞}
Spec(Z[1/p]) = {pα + 1, pα − 1|α ≥ 0} ∪ {∞}, p � íå÷åòíîå
ïðîñòîå.

Spec(Z[1/2]) = {2α + 1, 2α − 1|α ≥ 1} ∪ {∞}
Ãîðíîâà-Êóêèíà, 2013 ãîä.

Spec
(
Z
[
1
p1
, ... 1pn

])
={

±pα11 pα22 . . . pαn
n ± pβ11 pβ22 . . . pβn

n |αiβi = 0
}
∪ {∞}.
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Ðàáîòû Â.À.Ðîìàíüêîâà è åãî ó÷åíèêîâ

Ý.Âåíòóðà, Â.À.Ðîìàíüêîâ, Ïðîáëåìà ñêðó÷åííîé ñîïðÿæ¼ííîñòè
äëÿ ýíäîìîðôèçìîâ ìåòàáåëåâûõ ãðóïï. // Àëãåáðà è ëîãèêà,
48:2 (2009).

Ì.Í.Ãîðíîâà, Å.Ã.Êóêèíà, Â.À.Ðîìàíüêîâ, Êðèïòîãðàôè÷åñêèé
àíàëèç ïðîòîêîëà àóòåíòèôèêàöèè Óøàêîâà�Øïèëüðàéíà,
îñíîâàííîãî íà ïðîáëåìå áèíàðíî ñêðó÷åííîé ñîïðÿæ¼ííîñòè//
ÏÄÌ, 2015, 2(28).

Â.À.Ðîìàíüêîâ, Î ðàçðåøèìîñòè óðàâíåíèé ñ ýíäîìîðôèçìàìè
â íèëüïîòåíòíûõ ãðóïïàõ// Ñèá. ýëåêòðîí. ìàòåì. èçâ., 13
(2016).

Ì.Í.Ãîðíîâà, Å.Ã.Êóêèíà, Ñïåêòð Ðàéäåìàéñòåðà àääèòèâíîé

ãðóïïû êîëüöà Z
[
1
p1
, 1
p2
, . . . , 1

pn

]
//Âåñòí. Îì. óí-òà. 2013, 4.

Ëåøêîâ Â.Ý. Ðàñøèðåííûå ñïåêòðû Ðàéäåìàéñòåðà
íåêîììóòàòèâíûõ ãðóïï ïîðÿäêà 8 // Âåñòí. Îì. óí-òà. 2018. Ò.
23,3.
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Äàëüíåéøèå ðàáîòû

Íà÷èíàÿ ñ 2013 ãîäà íà÷àëè ïîÿâëÿòüñÿ ðàáîòû äðóãèõ ó÷åíûõ,
ýêñïëóàòèðóþùèå ïîíÿòå "Ñïåêòð Ðàéäåìàéñòåðà".
Íàïðèìåð, â ñòàòüå 2018 ãîäà Ò.Ð.Íàñûáóëëîâ èçó÷àåò ñïåêòð
Ðàéäåìàéñòåðà óíèòðåóãîëüíûõ ãðóïï.
Â ñòàòüå 2017 ãîäà Ê.Äåêèìïå, Ò.Êàéçåðà è Ñ.Òåðòîîéÿ
âû÷èñëÿþòñÿ ñïåêòðû Ðàéäåìàéñòåðà íåêîòîðûõ
êðèñòàëëîãðàôè÷åñêèõ ãðóïï ìàëûõ ðàçìåðíîñòåé, â ÷àñòíîñòè è
òàêèõ, êîãäà ýòè ãðóïïû íå îáëàäàþò ñâîéñòâîì R∞
Â ïîñëåäíåå âðåìÿ, ïîñëå 2021 ãîäà òåìà ïîëó÷èëà áîãàòîå ðàçâèòèå
â ðàáîòàõ Ê.Äåêèìïå è åãî ó÷åíèêîâ, Ñ.Òåðòîîéÿ, Ï.Ñåíäåíà.

Å. Ã. Êóêèíà. Ìåæäóíàðîäíàÿ êîíôåðåíöèÿ ¾Êîìáèíàòîðíî-âû÷èñëèòåëüíûå ìåòîäû àëãåáðû è ëîãèêè¿

Ñïåêòð Ðàéäåìàéñòåðà



Ðàáîòû äðóãèõ ó÷åíûõ. Òèìóð Ðèíàòîâè÷ Íàñûáóëëîâ.

Ò. Ð. Íàñûáóëëîâ, Êëàññû ñêðó÷åííîé ñîïðÿæ¼ííîñòè â îáùåé è
ñïåöèàëüíîé ëèíåéíûõ ãðóïïàõ// Àëãåáðà è ëîãèêà, 51, � 3
(2012), 331�346

Ò. Ð. Íàñûáóëëîâ, Êëàññû ñêðó÷åííîé ñîïðÿæ¼ííîñòè â ãðóïïàõ
Øåâàëëå. // Àëãåáðà è ëîãèêà, 53:6 (2014), 735�763; Algebra and
Logic, 53:6 (2015).

T. Nasybullov, Reidemeister spectrum of special and general linear
groups over some �elds contains 1. // arXiv:1708.06280, 2017

T. Nasybullov, Twisted conjugacy classes in unitriangular groups. //
arXiv:1805.05160, 2018

D. Gon�calves, T. Nasybullov, On groups where the twisted
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Algebra, 45, 2019.
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Ðàáîòû äðóãèõ ó÷åíûõ. Äðóãèå

A.Fel'shtyn, D.Gon�calves, Reidemeister spectrum for metabelian
groups of the form Qn ⋊ Z and Z[1/p]n ⋊ Z, p prime.
//arXiv:math.GR/0909.3128, 2009.

A.Fel'shtyn, E. Troitsky, Aspects of the property R∞.// J. Group
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Å.Â.Òðîèöêèé, Êëàññû Ðàéäåìàéñòåðà, ñïëåòåíèÿ è
ðàçðåøèìîñòü.// Ìàòåì. çàìåòêè, 114:6 (2023), 949�953; Math.
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