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HepaspemmnmMocTs npo0ieMbl
BXOZKJIEHUSI B 11O IMOHONT
cB0O0OOIHON HUJILIIOTCHTHON
rpymmel crynenn | > 2

JOCTATOIHO OOJIBIIOrO paHTa

B.A. Pomanbkon




[Ipobiema BXOXKieHUsI B I1OJIMOHOM I

IIpo6.aema BXOXKICHAS B IOAMOHOM /A KOHEYHO MOPOK ICHHOI
rpynmbl G — 3TO BONPOC 0 CyIIECTBOBAHUYU AJITOPUTMA, KOTOPBIH T10
KOHEYHO IOPOXKIeHHOMY moaMorouny M rpymmer G u s1eMenTy

g € G onpegensier mpuHAITE)KHOCT g € M.



Bompoc 1 ([1, Open problem 24]; [2]). Is there a finitely generated
nilpotent group with an undecidable submonoid membership
problem?

1. Marcus Lohrey, The rational subset membership problem for groups: a
survey, University of St Andrews, Scotland, Publisher: Cambridge
University Press, 2013, P. 368-389.

2. Benjamin Steinberg, The Submonoid Membership Problem for
Groups, City College CUNY Seminar, 22 June 2013,
http://www.sci.ceny.cuny.edu/ benjamin/ (Encompasses joint work with
Mark Kambites, Markus Lohrey, Pedro Silva and Georg Zetzsche).



OcHOBHBIE PE3YJILTATHI

Teopema 1.

CymecTByer KOHEUHO MOPOXKAeHHBIH mommonon M crobommoi
HIIBIOTEHTHOH Tpynnsl Ny o 10cTaTOuHO GOMBIIOTO paHra f
CTYIIEHN 2, JJIsT KOTOPOTo mpob/ieMa BXOXKIEHUsT aJITOPUTMUIECKT
HEPA3PEITUMA.

Crencreue.

Hnst mro6oro € > 2 m J0CTATOYHO OOJTBITOTO f CYIIECTBYET KOHETHO
MOPOK IEHHBIH ToaMoHon L M cBOGOAHON HUIBITIOTEHTHONR TPY B
N ¢ pamra r crynenn C, npobsieMa BXOXK/IEHUS B KOTODBIi
aJrOPTTMUYECKU HEPa3PeIInMa.



IIpesicraBiienne pe3yibTaToB

OTH pe3ynbTaThl OBLIN BIEPBLIE MpeacTaBieHbl Ha OMCKOM
asrebpamaeckom Beburape 10.08.2020. Ha Bebunape
npucytcrsoBaan Mapkyc Jlopn u pag Apyrux CHenuaancToB B
JaHHOW 0bjacTu. Pe3ybrarhl TakKe JTOK/IaIBIBAIUCH HA
Mausnbiesckux arernsix 20 (MIeHADHBIH TOKIIAT).



[Tybnukanuu:

KopoTkoe uzioxkenne 6e3 T0Ka3aTeIbCTB:
3. B.A. Pomannkos, /IBe mpobieMbr 0 paspermmMbIx u
HUJIBIIOTEHTHBIX Ipymmax, Anrebpa u joruka, 59:6 (2020), 719-733.



Tlonmoe m3moXKerme:

4. B.A. Pomanrnkos, HepaspermmmmMocTs mpobieMbl BXOKIEHUS B
MTOAMOHOW T, CBOOOTHON HUIBIOTEHTHONW TPYIIIBI CTYITEHN [>2
JOCTaTOYHO OOABIIOro panra. Mssectust Poccniickoit akaaeMun
mayk. Cepust maremarnueckas, 2023, Tom 87, BBIYCK 4, CTPAHUIIEI

166-185.



Hpyrue pesyJibrarhl 110 JaHHON TeMaTuKe.

Hocrarounbie yegoBus s pa3peIMMOCTH TPOOIeMBbI BXOXK TCHHUST
B IIOJMOHOW/] CBOOOIHON HUJIBIIOTEHTHOM IPYIIIbI CTYTICHU 2
[IpUBEIEHBI B pabore

5. V.A. Roman’kov, Positive elements and sufficient conditions for
solvability of the submonoid membership problem for nilpotent
groups of class two, Siberian Electronic Mathematical Reports,
19:2 (2022), 387-403.



[Ipobaema Kosikombera 1 ap.

B [6] T. Konkomber u ap. moKasajim, 9To MpobIeMa BXOKICHUS B
MOAMOHOW, pa3pernuma B 00o0menHoi rpymme ['eiizenbepra
H(n,Z) (n > 3), B wacTHOCTH, B KJIaccu4eckoii rpymme [eiizentepra
H = H(3,Z), unage rosopsi, rpynne UT(3,Z) nnu cBobomHO
HunbnoTeHTHOH rpynme Np . Takzke oHE 33/ CJI€1y O
BOIIPOC:

Bompoc. (Question 2 ([6]). Does the submonoid membership
problem is solvable for the class of finite direct powers of the
Heisenberg group H?

[6] T. Colcombet, J. Ouaknine, P. Semukhin, J. Worrell, On
reachability problems for low dimensional matrix semigroups In: C.
Baier (ed.) et al., 46th International Colloquium on Automata,
Languages, and Programming (ICALP 2019), LIPIcs, 132, Schloss
Dagstuhl — Leibniz-Zentrum fur Informatik, Dagstuhl, Germany,
2019, 44:1-44:15.



Permenue npobsiembr Kosikombera u Jip.

Teopema 2. [7]. dast moctaTouno 6oabimoro N B npsmMoii cremern H"
CYIIECTBYET KOHEYHO MOPOKAeHHBIH moamonon M, mpobiema
BXOXKJIEHHsI B KOTOPBIH HEpaspermMa.

Jannbiit pesyabTar omyOankoBaH B pabore

7. V.A. Roman’kov, Undecidability of the sunmonoid membership
problem for sufficiently large finite direct power of the Heisenberg
group, Cubupckue Jyekrponnabie Maremarnueckue M3sectus, 20:1
(2023), 293-305.



ZLOHOJIHI/ITGJIBH&H MOTHBaIIUA

IIpobiiemy BxOXKI€HUA B TIOIMOHOU I HEKOMMYTATUBHOM IPYIIILI B
HACTOLIIEee BPEMsI PACCMATPUBAIOT KaK IIEPEHECEHUE KJIACCUIECKO
npOo0JIEMBI TIEJIOYUCEHHOIO JUHEAHOINO TPOTPAMMUPOBAHUS, DJIE
durypupyer npobsieMa BXOXKJIEHUs B IIOIMOHOU]T CBOOOTHOIA
abeeBoii TPYMIBI, HA HEKOMMYTATUBHYO TraTdopMy. Bo3HUKIO 1
Pa3BUWBAETCS HOBOE HAMPABIEHNE MCCIETOBAHMI —
HEKOMMYTATHBHAs TUCKpeTHas omrumusarmst (cm. F. Bassino, 1.
Kapovich, M. Lohrey, A. Miasnikov, C. Nicaud, A. Nikolaev, I.
Rivin, V. Shpilrain, A. Ushakov, P. Weil, Complexity and
randomness in group theory. GAGTA book 1, De Gruyter, Berlin
2020, xii+374, rur. 5). Ilpu sToM ocoboe BHUMAHUE YIIe/ISIETCs
KJIaCCY KOHEYTHO TIOPOXKACHHBIX HUJBIIOTEHTHBIX T'DYTIIT, KaK
HanboJiee GJIUBKOMY K KJIAacCy abesieBbIX I'PYIIIL.



O slokazarTesbeTBax

JlokazaTeabCTBO TeOPeMbl 1 OCHOBBIBAETCST HA HEPABPEITUMOCTH
necsToii npobiaeMsl ['nianbepra. A UMEHHO, CTPOUTCS KOHETHO
MOPOK IEHHBIN TIOIMOHOUT CBODOIHOM HUIBIIOTEHTHON TPYIIIHI
CTYIIEHU 2 JTOCTATOYHO OOJBIIOTO paHra I, TpobJeMa BXOXKJIEHUS B
KOTOPBIA PABHOCUIBHA, TTPOOIEMBI PA3PEITUMOCTHA HEPABPEITIMOTO
KJIACCA TUO(AHTOBBIX ypaBHennil. OTciona caeayeT CynecTBOBAHIE
MTOAMOHON A ¢ AHAJOTHIHBIM CBOWCTBOM B JIFODOI CBOOOIHOI
HUJILIIOTEHTHOM Ipyme crynenn [ > 2 panra . AHaJIOTHIHO
JOKa3bIBETCS TEOPEMA, 2.



BazoBbie pe3ysibrarhl.

JIr0boe 1nodaHTOBO ypaBHEHUE IPEICTABAMO B BUJIE

D(Ch"'?{l‘):U?UGZa (1)
where D is a Diophantine polynomial with zero constant term.

Theorem

For any Diophantine equation (1), there exists a direct power

H = H" of the Heisenberg group H, a finitely generated submonoid
M in the group H and an element g(v) € H such that the equation
is solvable in integers if and only if g(v) belongs to M. The
exponent N, the element g(v), and the finite set of generators of
the submonoid M are effectively determined. The submonoid M
depends only on the Diophantine polynomial D on the left side (1).




Recall that Hilbert’s 10th problem is the question of the existence
of an algorithm that, given a Diophantine equation determines
whether it has an integer solution. Yu.V. Matiyasevich proved that
such an algorithm does not exist.

The undecidability of Hilbert’s 10th problem and Theorem 1
implies the following

The submonoid membership problem in the class of finite direct
powers of the Heisenberg group is undecidable.




Universal Diophantine polynomial

In addition, Yu.V. Matiyasevich established that there exists a
Diophantine polynomial Dy((1,...,(t) with a zero constant term
such that there is no algorithm that determines the solvability of
equations of the form

D0(<1,...,Ct):U,U€Z. (2)



Theorem 2

The existence of an algorithmically unsolvable equation of the form
(2) with a fixed left-hand side and parameter v allows us to
establish the following stronger assertion.

For sufficiently large n € N, the direct power H = H" of the
Heisenberg group H contains a finitely generated submonoid M
with an unsolvable membership problem.




Steps of the proof

Step 1.

Every Diophantine equation is equivalent to a non-negative
Diophantine equation, i.e. an equation whose solution is sought in
non-negative integers.

It is enough to replace each variable (; in equation (1) with

non-negative variables ¢ — (7.



Skolem system

Each Diophantine equation is equivalent to a system of equations
of the form:

CICH _ C,”, Cl + C” _ CIH, C, — C”
and one equation of the form
¢ =w.

From a non-negative equation, one can obtain a non-negative
Skolem system S, in which the last equation has the form

¢ =vl.



Skolem system

Let S, contains e equations of the form (;(; = ¢;. Introducing new
variables ¢/ and making appropriate substitutions of the form (; for
¢/, we achieve that each variable will appear in these equations
exactly once. Equations of the form ¢’ = ¢; will be added to the S,
system. Next, we renumber the variables in such a way that all e
equations of the indicated form take the form

G1¢2 = (3,

C3(e—1)+1C3(e—1)+2 = C3e-



Skolem system

Let the system S, contains d equations of the form (; + ¢ = (.
Similarly to the case just considered, we will ensure that among the
variables of the considered set of equations there will be no
variables of the previous subsystem, and each variable in their
entries will appear in these equations exactly once. Next, we
renumber the variables of this subsystem in such a way that all d
equations of the indicated form will include only the variables
C3et1s - - -5 (3(etq), and the subsystem itself will take the form

Cet1 + (3er2 = (3(et1);

(4)

C3(e+d—1)+1 T (3(erd—1)+2 = (3(e+a)-



Skolem system

Next, we write the third system, consisting of equations related to
the equality of variables. Let us write all equalities of the form

Ci = ¢j, for pairs with different indices /,j < e + d, which follow
from the set of all equalities. Moreover, it suffices to write down a
subsystem in which each variable occurs exactly once. Let’s
renumber all the equations of this subsystem by assigning them the
numbers e +d+1,..., e+ d+ q, respectively. We have the system
of equations Pg:

Citky = Cjck), 1(K) # j(k),i(k),j(k) < 3(e+d), k = e+d+1,...,e+d+q.
()
It remains to write a special equation
Gt = [v]. (6)
Except for the trivial equation (1) of the form ¢y = v (t = 1), the
variable (; is present in the system (5). Hence,
C1y---,C3e,C3et1, - - - s (3(e+q) are all variables of the system S,. It

is obvious that the system S, is equivalent to the new system thus
replaced.



In the following lemmas, H¥ denotes the direct product of k copies
of the group H. Denote the transvections tyo, 3, t1_31 in the j-th
copy (i=1,...,K) as aj, bj, Cj respectively.



Lemma 1

Let M be a submonoid of H generated by gy = ac,b and g» = a~'.
Then any representation of b in terms of the generators of M has
the form

b= gibgs,¢ € NU{0}. (7)

The scheme of the exact location of the generators of the
submonoid M when expressing the element b is as follows.

g b gl
H: b= (ac)* b a*¢

Table 1.



Lemma 2

The following lemma allows us to interpret equations of the form
¢+ ¢ = ¢" in the group H*.

Lemma

Let M be a submonoid of H* generated by g1 = a1C1C4, g =
pCpC4, g3 = @3C3C; 1 Ga = & ', 95 = 3, ;06 = @5 ', and

fi = bibobs. Then the representation of by_z in terms of the
generators of M has the form

! 1

b1z = 9595 o5 fgsgs 95 8)

provided that ¢ + ¢’ = ¢”. For given positive (,¢’, (", the form (8)
is uniquely determined up to a permutation of the factors g;
(i=1,2,3) on the left side and g; (j = 4,5,6) on the right side of
the factor f;. For null value of ¢, {’ or ¢”, you can also assume that
the corresponding generator is located as indicated.




Lemma 2: table

Let H* = H(1) x ... x H(4). The scheme of the exact location of
the components of the generators of the submonoid M when
expressing the element by_,3 is as follows (empty positions
correspond to trivial elements).

bis= ¢ g 9 h g 9 o
H(1): by = aﬁcf/ by a1_<
H(2): by= as ¢’ by a*
H(@3): by= agﬁ c?f" bs a; ¢
H(4): 1= & cf;/ Cy ¢

Table 2.



Lemma 3

Lemma

Let M be a submonoid of H® generated by

—1 —1
01 = a1C1,02 = @Co, 93 = @, a3C3,04 = 8, a4Cs,fy = b2, o =
bsbs,gs = a3 'asCs, g = &, '@sCe, f3 = bsbs, g7 = a5 ', gs = G5 -
Then the representation of by_g = by - ... - bg in terms of the
generators of M has the form

bi_s = gi 5 19595 L0505 39595 - (9)

For given positive ¢, ¢’ the form (9) is defined uniquely up to a
permutation of the generators gi, g on the left side and g3, g4 on
the right side of fy, g3, gs on the left side and g5, gg on the right
side of 5, g5, g on the the left side and g7, gg on the right side of
f3. For null value of ¢ or ¢/, you can also assume that the
corresponding generator is located as indicated.




Lemma 4

The scheme of the exact location of the components of the
generators of the submonoid M when expressing the element by_,g
is as follows (empty positions correspond to trivial elements).

bie= 095 K G595 b Gigs b 9595
H(1): b= &c by a
H(2): b= agcg/ by a2_<
H(3) : = ac; by a°
H(4): bs= aﬁ/ cﬁl b a;cl
H(5): bs= agcs bs at
H(6): bs = acs by ad

Table 3.



Lemma 5

Lemma

Consider a group H® in which the first 6 components form the
group HE from Lemma 4. Let M be a submonoid of H® generated
by g1 = a1C187, 0o = 8xCo, g3 = &, ' 83C3,0a = &, '@Caby, fi =
biby, fo = babs, g5 = a5 'ascsa; ', g6 = @, 'asCs, 3,97 = a5 ', g =
ag1b7_1 and gg = 880607_1,f4 = bg, 10 = 38_1' Then the
representation of by_,gbg in terms of the generators of M has the
form

bi_ebs = g° g5 19595 19595 505 95 195y (10)

The last three generators commute with each of the first 10
generators. For given positive ¢, (', (" the equality ¢ - ¢’ = (" is
necessary and sufficient for the indicated occurrence of the element
bi_gbg in the submonoid M. For null value of ¢, ¢’ or ¢”, you can
also assume that the corresponding generator is located as
indicated.




Lemma 5

The scheme of the exact location of the components of the
generators of the submonoid M when expressing the element
bi_,ebg is as follows (empty positions correspond to trivial

elements).
HE : by_gbg =
biosbs =gigs i gigi h gl h g & b g
H(1) : by —accf by a;c
HE2): by =a5cS by a°
H(3) : bs = acs bs a°
H(4) : by = & by &t
H(5) : bs = aice bs ac
H(6) : bs = agct by ac
H(7):1 =& by a* B¢ o
H(8) : bg = & ¢S by ag

Table 4.



Scheme of the further proof of Theorem 1

First, a Diophantine equation (1) is taken. Then the equivalent
nonnegative Skolem system S(v) is constructed from this equation.
The variables and equations of this system are ordered and written
as specified in (3-6).

To the resulting system S, we associate the group

H = H8e+4d+a+1 We construct a submonoid M = M of the group
H by defining its generating elements g; for
i=1,...,10e,10e+1,...,10e + 6d and f; for
j=1,...,4e,4e+1,...,4e + d in accordance with the lemmas 5
and 7.



Since all the variables of the systems (3) and (5) are different, both
these systems are decidable together. It remains to take into
account the equalities between these variables.

Let us add to the constructed group H8+49 by g+ 1 factors H and
get the group Iﬁl, where @ is the number of equations in the system
(5). Let’s assign to these components the numbers 8e + 4d + i for
i=1,...,q9and 8e+4d + g + 1 relatively.



Then for any equation Peyrgikx (kK =1,...,q) of the form

Cik) = Gj(k) from (5) we add some elements to the 8e + 4d + kth
component of H as follows.

First, for each k = 1,...,q we find one of the generating elements
g of the M submodule whose projection exponent is equal to Cj(x)-
Add the element Cgeyiagik to the component 8e + 4d + k of g.
Then we will perform a similar operation corresponding to the
exponent (j). This component will be trivial in the considered
product of generating elements of the submonoid M if and only if

Citk) = Sjtk)-



