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Íåðàçðåøèìîñòü ïðîáëåìû

âõîæäåíèÿ â ïîäìîíîèä

ñâîáîäíîé íèëüïîòåíòíîé

ãðóïïû ñòóïåíè l ≥ 2
äîñòàòî÷íî áîëüøîãî ðàíãà

Â.À. Ðîìàíüêîâ



Ïðîáëåìà âõîæäåíèÿ â ïîäìîíîèä

Ïðîáëåìà âõîæäåíèÿ â ïîäìîíîèä äëÿ êîíå÷íî ïîðîæäåííîé
ãðóïïû G � ýòî âîïðîñ î ñóùåñòâîâàíèè àëãîðèòìà, êîòîðûé ïî
êîíå÷íî ïîðîæäåííîìó ïîäìîíîèäó M ãðóïïû G è ýëåìåíòó
g ∈ G îïðåäåëÿåò ïðèíàäëåæíîñòü g ∈ M.



Âîïðîñ

Âîïðîñ 1 ([1, Open problem 24]; [2]). Is there a �nitely generated
nilpotent group with an undecidable submonoid membership
problem?

1. Marcus Lohrey, The rational subset membership problem for groups: a
survey, University of St Andrews, Scotland, Publisher: Cambridge
University Press, 2013, P. 368-389.

2. Benjamin Steinberg, The Submonoid Membership Problem for

Groups, City College CUNY Seminar, 22 June 2013,

http://www.sci.ccny.cuny.edu/ benjamin/ (Encompasses joint work with

Mark Kambites, Markus Lohrey, Pedro Silva and Georg Zetzsche).



Îñíîâíûå ðåçóëüòàòû

Òåîðåìà 1.
Ñóùåñòâóåò êîíå÷íî ïîðîæäåííûé ïîäìîíîèä M ñâîáîäíîé
íèëüïîòåíòíîé ãðóïïû Nr ,2 äîñòàòî÷íî áîëüøîãî ðàíãà r
ñòóïåíè 2, äëÿ êîòîðîãî ïðîáëåìà âõîæäåíèÿ àëãîðèòìè÷åñêè
íåðàçðåøèìà.

Ñëåäñòâèå.
Äëÿ ëþáîãî c ≥ 2 è äîñòàòî÷íî áîëüøîãî r ñóùåñòâóåò êîíå÷íî
ïîðîæäåííûé ïîäìîíîèä M ñâîáîäíîé íèëüïîòåíòíîé ãðóïïû
Nr ,c ðàíãà r ñòóïåíè c, ïðîáëåìà âõîæäåíèÿ â êîòîðûé
àëãîðòòìè÷åñêè íåðàçðåøèìà.



Ïðåäñòàâëåíèå ðåçóëüòàòîâ

Ýòè ðåçóëüòàòû áûëè âïåðâûå ïðåäñòàâëåíû íà Îìñêîì
àëãåáðàè÷åñêîì âåáèíàðå 10.08.2020. Íà âåáèíàðå
ïðèñóòñòâîâàëè Ìàðêóñ Ëîðè è ðÿä äðóãèõ ñïåöèàëèñòîâ â
äàííîé îáëàñòè. Ðåçóëüòàòû òàêæå äîêëàäûâàëèñü íà
Ìàëüöåâñêèõ ÷òåíèÿõ 20 (ïëåíàðíûé äîêëàä).



Ïóáëèêàöèè:

Êîðîòêîå èçëîæåíèå áåç äîêàçàòåëüñòâ:
3. Â.À. Ðîìàíüêîâ, Äâå ïðîáëåìû î ðàçðåøèìûõ è
íèëüïîòåíòíûõ ãðóïïàõ, Àëãåáðà è ëîãèêà, 59:6 (2020), 719�733.



Ïîëíîå èçëîæåíèå:
4. Â.À. Ðîìàíüêîâ, Íåðàçðåøèìîñòü ïðîáëåìû âõîæäåíèÿ â
ïîäìîíîèä ñâîáîäíîé íèëüïîòåíòíîé ãðóïïû ñòóïåíè l ≥ 2
äîñòàòî÷íî áîëüøîãî ðàíãà. Èçâåñòèÿ Ðîññèéñêîé àêàäåìèè
íàóê. Ñåðèÿ ìàòåìàòè÷åñêàÿ, 2023, òîì 87, âûïóñê 4, ñòðàíèöû
166�185.



Äðóãèå ðåçóëüòàòû ïî äàííîé òåìàòèêå.

Äîñòàòî÷íûå óñëîâèÿ äëÿ ðàçðåøèìîñòè ïðîáëåìû âõîæäåíèÿ
â ïîäìîíîèä ñâîáîäíîé íèëüïîòåíòíîé ãðóïïû ñòóïåíè 2
ïðèâåäåíû â ðàáîòå
5. V.A. Roman'kov, Positive elements and su�cient conditions for
solvability of the submonoid membership problem for nilpotent
groups of class two, Siberian Electronic Mathematical Reports,
19:2 (2022), 387�403.



Ïðîáëåìà Êîëêîìáåòà è äð.

Â [6] Ò. Êîëêîìáåò è äð. äîêàçàëè, ÷òî ïðîáëåìà âõîæäåíèÿ â
ïîäìîíîèä ðàçðåøèìà â îáîáùåííîé ãðóïïå Ãåéçåíáåðãà
H(n,Z) (n ≥ 3), â ÷àñòíîñòè, â êëàññè÷åñêîé ãðóïïå Ãåéçåíáåðãà
H = H(3,Z), èíà÷å ãîâîðÿ, ãðóïïå UT(3,Z) èëè ñâîáîäíîé
íèëüïîòåíòíîé ãðóïïå N2,2. Òàêæå îíè çàäàëè ñëåäóþùèé
âîïðîñ:
Âîïðîñ. (Question 2 ([6]). Does the submonoid membership
problem is solvable for the class of �nite direct powers of the
Heisenberg group H?

[6] T. Colcombet, J. Ouaknine, P. Semukhin, J. Worrell, On
reachability problems for low dimensional matrix semigroups In: C.
Baier (ed.) et al., 46th International Colloquium on Automata,
Languages, and Programming (ICALP 2019), LIPIcs, 132, Schloss
Dagstuhl � Leibniz-Zentrum fur Informatik, Dagstuhl, Germany,
2019, 44:1�44:15.



Ðåøåíèå ïðîáëåìû Êîëêîìáåòà è äð.

Òåîðåìà 2. [7]. Äëÿ äîñòàòî÷íî áîëüøîãî n â ïðÿìîé ñòåïåíè Hn

ñóùåñòâóåò êîíå÷íî ïîðîæäåííûé ïîäìîíîèä M, ïðîáëåìà
âõîæäåíèÿ â êîòîðûé íåðàçðåøèìà.
Äàííûé ðåçóëüòàò îïóáëèêîâàí â ðàáîòå
7. V.A. Roman'kov, Undecidability of the sunmonoid membership
problem for su�ciently large �nite direct power of the Heisenberg
group, Ñèáèðñêèå Ýëåêòðîííûå Ìàòåìàòè÷åñêèå Èçâåñòèÿ, 20:1
(2023), 293�305.



Äîïîëíèòåëüíàÿ ìîòèâàöèÿ

Ïðîáëåìó âõîæäåíèÿ â ïîäìîíîèä íåêîììóòàòèâíîé ãðóïïû â
íàñòîÿùåå âðåìÿ ðàññìàòðèâàþò êàê ïåðåíåñåíèå êëàññè÷åñêîé
ïðîáëåìû öåëî÷èñëåííîãî ëèíåéíîãî ïðîãðàììèðîâàíèÿ, ãäå
ôèãóðèðóåò ïðîáëåìà âõîæäåíèÿ â ïîäìîíîèä ñâîáîäíîé
àáåëåâîé ãðóïïû, íà íåêîììóòàòèâíóþ ïëàòôîðìó. Âîçíèêëî è
ðàçâèâàåòñÿ íîâîå íàïðàâëåíèå èññëåäîâàíèé �
íåêîììóòàòèâíàÿ äèñêðåòíàÿ îïòèìèçàöèÿ (ñì. F. Bassino, I.
Kapovich, M. Lohrey, A. Miasnikov, C. Nicaud, A. Nikolaev, I.
Rivin, V. Shpilrain, A. Ushakov, P. Weil, Complexity and
randomness in group theory. GAGTA book 1, De Gruyter, Berlin
2020, xii+374, ãë. 5). Ïðè ýòîì îñîáîå âíèìàíèå óäåëÿåòñÿ
êëàññó êîíå÷íî ïîðîæäåííûõ íèëüïîòåíòíûõ ãðóïï, êàê
íàèáîëåå áëèçêîìó ê êëàññó àáåëåâûõ ãðóïï.



Î äîêàçàòåëüñòâàõ

Äîêàçàòåëüñòâî òåîðåìû 1 îñíîâûâàåòñÿ íà íåðàçðåøèìîñòè
äåñÿòîé ïðîáëåìû Ãèëüáåðòà. À èìåííî, ñòðîèòñÿ êîíå÷íî
ïîðîæäåííûé ïîäìîíîèä ñâîáîäíîé íèëüïîòåíòíîé ãðóïïû
ñòóïåíè 2 äîñòàòî÷íî áîëüøîãî ðàíãà r , ïðîáëåìà âõîæäåíèÿ â
êîòîðûé ðàâíîñèëüíà ïðîáëåìû ðàçðåøèìîñòè íåðàçðåøèìîãî
êëàññà äèîôàíòîâûõ óðàâíåíèé. Îòñþäà ñëåäóåò ñóùåñòâîâàíèå
ïîäìîíîèäà ñ àíàëîãè÷íûì ñâîéñòâîì â ëþáîé ñâîáîäíîé
íèëüïîòåíòíîé ãðóïïå ñòóïåíè l ≥ 2 ðàíãà r . Àíàëîãè÷íî
äîêàçûâåòñÿ òåîðåìà 2.



Áàçîâûå ðåçóëüòàòû.

Ëþáîå äèîôàíòîâî óðàâíåíèå ïðåäñòàâèìî â âèäå

D(ζ1, . . . , ζt ) = υ, υ ∈ Z, (1)

where D is a Diophantine polynomial with zero constant term.

Theorem

For any Diophantine equation (1), there exists a direct power
H̃ = Hn of the Heisenberg group H, a �nitely generated submonoid
M in the group H̃ and an element g(υ) ∈ H̃ such that the equation
is solvable in integers if and only if g(υ) belongs to M. The
exponent n, the element g(υ), and the �nite set of generators of
the submonoid M are e�ectively determined. The submonoid M
depends only on the Diophantine polynomial D on the left side (1).



Corollary

Recall that Hilbert's 10th problem is the question of the existence
of an algorithm that, given a Diophantine equation determines
whether it has an integer solution. Yu.V. Matiyasevich proved that
such an algorithm does not exist.
The undecidability of Hilbert's 10th problem and Theorem 1
implies the following

Corollary

The submonoid membership problem in the class of �nite direct
powers of the Heisenberg group is undecidable.



Universal Diophantine polynomial

In addition, Yu.V. Matiyasevich established that there exists a
Diophantine polynomial D0(ζ1, . . . , ζt ) with a zero constant term
such that there is no algorithm that determines the solvability of
equations of the form

D0(ζ1, . . . , ζt ) = υ, υ ∈ Z. (2)



Theorem 2

The existence of an algorithmically unsolvable equation of the form
(2) with a �xed left-hand side and parameter υ allows us to
establish the following stronger assertion.

Theorem

For su�ciently large n ∈ N, the direct power H̃ = Hn of the
Heisenberg group H contains a �nitely generated submonoid M
with an unsolvable membership problem.



Steps of the proof

Step 1.
Every Diophantine equation is equivalent to a non-negative
Diophantine equation, i.e. an equation whose solution is sought in
non-negative integers.
It is enough to replace each variable ζi in equation (1) with
non-negative variables ζ ′i − ζ ′′i .



Skolem system

Each Diophantine equation is equivalent to a system of equations
of the form:

ζ ′ζ ′′ = ζ ′′′, ζ ′ + ζ ′′ = ζ ′′′, ζ ′ = ζ ′′

and one equation of the form

ζ ′ = υ.

From a non-negative equation, one can obtain a non-negative
Skolem system Sυ in which the last equation has the form

ζ ′ = |υ|.



Skolem system

Let Sυ contains e equations of the form ζiζj = ζl . Introducing new
variables ζ ′ and making appropriate substitutions of the form ζi for
ζ ′, we achieve that each variable will appear in these equations
exactly once. Equations of the form ζ ′ = ζi will be added to the Sυ
system. Next, we renumber the variables in such a way that all e
equations of the indicated form take the form

ζ1ζ2 = ζ3,

. . . (3)

ζ3(e−1)+1ζ3(e−1)+2 = ζ3e.



Skolem system

Let the system Sυ contains d equations of the form ζi + ζj = ζl .
Similarly to the case just considered, we will ensure that among the
variables of the considered set of equations there will be no
variables of the previous subsystem, and each variable in their
entries will appear in these equations exactly once. Next, we
renumber the variables of this subsystem in such a way that all d
equations of the indicated form will include only the variables
ζ3e+1, . . . , ζ3(e+d), and the subsystem itself will take the form

ζ3e+1 + ζ3e+2 = ζ3(e+1),

. . . , (4)

ζ3(e+d−1)+1 + ζ3(e+d−1)+2 = ζ3(e+d).



Skolem system

Next, we write the third system, consisting of equations related to
the equality of variables. Let us write all equalities of the form
ζi = ζj , for pairs with di�erent indices i , j ≤ e + d , which follow
from the set of all equalities. Moreover, it su�ces to write down a
subsystem in which each variable occurs exactly once. Let's
renumber all the equations of this subsystem by assigning them the
numbers e + d + 1, . . . ,e + d + q, respectively. We have the system
of equations Pk :

ζi(k) = ζj(k), i(k) 6= j(k), i(k), j(k) ≤ 3(e+d), k = e+d+1, ...,e+d+q.
(5)

It remains to write a special equation

ζt = |υ|. (6)

Except for the trivial equation (1) of the form ζ1 = υ (t = 1), the
variable ζt is present in the system (5). Hence,
ζ1, . . . , ζ3e, ζ3e+1, . . . , ζ3(e+d) are all variables of the system Sυ. It
is obvious that the system Sυ is equivalent to the new system thus
replaced.



Notations

In the following lemmas, Hk denotes the direct product of k copies
of the group H. Denote the transvections t12, t23, t−1

13 in the i-th
copy (i = 1, . . . , k) as ai ,bi , ci respectively.



Lemma 1

Lemma

Let M be a submonoid of H generated by g1 = ac,b and g2 = a−1.
Then any representation of b in terms of the generators of M has
the form

b = gζ1bgζ2 , ζ ∈ N ∪ {0}. (7)

The scheme of the exact location of the generators of the
submonoid M when expressing the element b is as follows.

∣∣∣∣
gζ1 b gζ2

H : b = (ac)ζ b a−ζ

∣∣∣∣ .

Table 1.



Lemma 2

The following lemma allows us to interpret equations of the form
ζ + ζ ′ = ζ ′′ in the group H4.

Lemma

Let M be a submonoid of H4 generated by g1 = a1c1c4,g2 =
a2c2c4,g3 = a3c3c−1

4 ,g4 = a−1
1 ,g5 = a−1

2 ,g6 = a−1
3 , and

f1 = b1b2b3. Then the representation of b1−3 in terms of the
generators of M has the form

b1→3 = gζ1gζ
′

2 gζ
′′

3 f1gζ4gζ
′

5 gζ
′′

6 (8)

provided that ζ + ζ ′ = ζ ′′. For given positive ζ, ζ ′, ζ ′′, the form (8)
is uniquely determined up to a permutation of the factors gi
(i = 1,2,3) on the left side and gj (j = 4,5,6) on the right side of
the factor f1. For null value of ζ, ζ ′ or ζ ′′, you can also assume that
the corresponding generator is located as indicated.



Lemma 2: table

Let H4 = H(1)× . . .×H(4). The scheme of the exact location of
the components of the generators of the submonoid M when
expressing the element b1→3 is as follows (empty positions
correspond to trivial elements).

∣∣∣∣∣∣∣∣∣∣∣∣

b1→3 = gζ1 gζ
′

2 gζ
′′

3 f1 gζ4 gζ
′

5 gζ
′′

6
H(1) : b1 = aζ1cζ

′

1 b1 a−ζ1
H(2) : b2 = aζ

′

2 cζ
′

2 b2 a−ζ
′

2
H(3) : b3 = aζ

′′

3 cζ
′′

3 b3 a−ζ
′′

3
H(4) : 1 = cζ4 cζ

′

4 c−ζ
′′

4

∣∣∣∣∣∣∣∣∣∣∣∣

Table 2.



Lemma 3

Lemma

Let M be a submonoid of H6 generated by
g1 = a1c1,g2 = a2c2,g3 = a−1

1 a3c3,g4 = a−1
2 a4c4, f1 = b1b2, f2 =

b3b4,g5 = a−1
3 a5c5,g6 = a−1

4 a6c6, f3 = b5b6,g7 = a−1
5 ,g8 = a−1

6 .
Then the representation of b1−6 = b1 · . . . · b6 in terms of the
generators of M has the form

b1−6 = gζ1gζ
′

2 f1gζ3gζ
′

4 f2gζ5gζ
′

6 f3gζ7gζ
′

8 . (9)

For given positive ζ, ζ ′ the form (9) is de�ned uniquely up to a
permutation of the generators g1,g2 on the left side and g3,g4 on
the right side of f1, g3,g4 on the left side and g5,g6 on the right
side of f2, g5,g6 on the the left side and g7,g8 on the right side of
f3. For null value of ζ or ζ ′, you can also assume that the
corresponding generator is located as indicated.



Lemma 4

The scheme of the exact location of the components of the
generators of the submonoid M when expressing the element b1→6
is as follows (empty positions correspond to trivial elements).

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

b1→6 = gζ1gζ
′

2 f1 gζ3gζ
′

4 f2 gζ5gζ
′

6 f3 gζ7gζ
′

8
H(1) : b1 = aζ1cζ1 b1 a−ζ1
H(2) : b2 = aζ

′

2 cζ
′

2 b2 a−ζ
′

2
H(3) : b3 = aζ3cζ3 b3 a−ζ3
H(4) : b4 = aζ

′

4 cζ
′

4 b4 a−ζ
′

4
H(5) : b5 = aζ5cζ5 b5 a−ζ5
H(6) : b6 = aζ

′

6 cζ
′

6 b6 a−ζ
′

6

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

.

Table 3.



Lemma 5

Lemma

Consider a group H8 in which the �rst 6 components form the
group H6 from Lemma 4. Let M be a submonoid of H8 generated
by g1 = a1c1a7,g2 = a2c2,g3 = a−1

1 a3c3,g4 = a−1
2 a4c4b7, f1 =

b1b2, f2 = b3b4,g5 = a−1
3 a5c5a−1

7 ,g6 = a−1
4 a6c6, f3,g7 = a−1

5 ,g8 =

a−1
6 b−1

7 and g9 = a8c6c−1
7 , f4 = b8,g10 = a−1

8 . Then the
representation of b1→6b8 in terms of the generators of M has the
form

b1→6b8 = gζ1gζ
′

2 f1gζ3gζ
′

4 f2gζ5gζ
′

6 f3gζ7gζ
′

8 gζ
′′

9 f4gζ
′′

10 . (10)

The last three generators commute with each of the �rst 10
generators. For given positive ζ, ζ ′, ζ ′′ the equality ζ · ζ ′ = ζ ′′ is
necessary and su�cient for the indicated occurrence of the element
b1→6b8 in the submonoid M. For null value of ζ, ζ ′ or ζ ′′, you can
also assume that the corresponding generator is located as
indicated.



Lemma 5

The scheme of the exact location of the components of the
generators of the submonoid M when expressing the element
b1→6b8 is as follows (empty positions correspond to trivial
elements).
H8 : b1→6b8 =
∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

b1→6b8 = gζ
1 gζ′

2 f1 gζ
3 gζ′

4 f2 gζ
5 gζ′

6 f3 gζ
7 gζ′

8 gζ′′

9 f4 gζ′′

10

H(1) : b1 = aζ
1cζ′

1 b1 a−ζ1

H(2) : b2 = aζ′

2 cζ′

2 b2 a−ζ
′

2
H(3) : b3 = aζ

3cζ
3 b3 a−ζ3

H(4) : b4 = aζ′

4 cζ′

4 b4 a−ζ
′

4
H(5) : b5 = aζ

5cζ
5 b5 a−ζ5

H(6) : b6 = aζ′

6 cζ′

6 b6 a−ζ
′

6

H(7) : 1 = aζ
7 bζ′

7 a−ζ7 b−ζ
′

7 cζ′′

7

H(8) : b8 = aζ′′

8 cζ′′

8 b8 a−ζ
′′

8

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

Table 4.



Scheme of the further proof of Theorem 1

First, a Diophantine equation (1) is taken. Then the equivalent
nonnegative Skolem system S(υ) is constructed from this equation.
The variables and equations of this system are ordered and written
as speci�ed in (3�6).
To the resulting system Sυ we associate the group
H̃ = H8e+4d+q+1. We construct a submonoid M = M of the group
H̃ by de�ning its generating elements gi for
i = 1, . . . ,10e,10e + 1, . . . ,10e + 6d and fj for
j = 1, . . . ,4e,4e + 1, . . . ,4e + d in accordance with the lemmas 5
and 7.



Scheme

Since all the variables of the systems (3) and (5) are di�erent, both
these systems are decidable together. It remains to take into
account the equalities between these variables.
Let us add to the constructed group H8e+4d by q + 1 factors H̄ and
get the group H̃, where q is the number of equations in the system
(5). Let's assign to these components the numbers 8e + 4d + i for
i = 1, . . . ,q and 8e + 4d + q + 1 relatively.



Scheme

Then for any equation Pe+d+k (k = 1, . . . ,q) of the form
ζi(k) = ζj(k) from (5) we add some elements to the 8e + 4d + kth
component of H̃ as follows.
First, for each k = 1, . . . ,q we �nd one of the generating elements
g of the M submodule whose projection exponent is equal to ζi(k).
Add the element c8e+4d+k to the component 8e + 4d + k of g.
Then we will perform a similar operation corresponding to the
exponent ζj(k). This component will be trivial in the considered
product of generating elements of the submonoid M if and only if
ζi(k) = ζj(k).


