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G2,1 ×G2,1 =

h =


e−x y 0 0
0 1 0 0
0 0 e−z w
0 0 0 1

 | x, y, z, w ∈ R

 .

Áàçèñ E1, E2, E3, E4 àëãåáðû Ëè 2g2,1 ãðóïïû Ëè G2,1 ×G2,1:

E1 =

(
0 1 0 0
0 0 0 0
0 0 0 0
0 0 0 0

)
, E2 =

(
−1 0 0 0
0 0 0 0
0 0 0 0
0 0 0 0

)
,

E3 =

(
0 0 0 0
0 0 0 0
0 0 0 1
0 0 0 0

)
, E4 =

(
0 0 0 0
0 0 0 0
0 0 −1 0
0 0 0 0

)
.

[E1, E2] = E1, [E3, E4] = E3.
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Ïðåäëîæåíèå 1.

Ñóùåñòâóåò åäèíñòâåííîå ñ òî÷íîñòüþ äî àâòîìîðôèçìà àëãåáðû Ëè
(2g2,1, [·, ·]) äâóìåðíîå ïîäïðîñòðàíñòâî p ⊂ 2g2,1, ïîðîæäàþùåå
àëãåáðó 2g2,1 ïîñðåäñòâîì [·, ·].

Ïóñòü
e1 = E1 + E2 + E3, e2 = E2 + E4,

e3 := [e1, e2] = E1 + E3, e4 := [e1, e3] = −E1.

Äâóìåðíîå ïîäïðîñòðàíñòâî p = span(e1, e2) ïîðîæäàåò 2g2,1.
Êðîìå òîãî,

[e2, e3] = −e3, [e1, e4] = [e2, e4] = −e4, [e3, e4] = 0.

Ñóáðèìàíîâî ðàññòîÿíèå ìåæäó g0, g1:

d(g0, g1) = inf

T∫
0

√(
dlg(t)−1(ġ(t)), dlg(t)−1(ġ(t))

)
dt,

g = g(t), 0 ≤ t ≤ T , dlg(t)−1(ġ(t)) ∈ p è g(0) = g0, g(T ) = g1; T íå
ôèêñèðîâàíî.
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Òåîðåìà 1.

Êàæäàÿ ïàðàìåòðèçîâàííàÿ äëèíîé äóãè êðàò÷àéøàÿ g = g(t),
0 ≤ t ≤ T = d(g0, g1), â ñóáðèìàíîâîì ïðîñòðàíñòâå (G, d) ñ
g(0) = g0, g(T ) = g1, åñòü ðåøåíèå çàäà÷è îïòèìàëüíîãî
áûñòðîäåéñòâèÿ (ïðè çàäàííûõ g0 è g1) äëÿ óïðàâëÿåìîé ñèñòåìû

ġ(t) = dlg(t)(u(t)), u(t) ∈ U,

ñ èçìåðèìûìè óïðàâëåíèÿìè u(t) è êîìïàêòíîé îáëàñòüþ
óïðàâëåíèÿ

U = {u ∈ p | (u, u) ≤ 1}.

Ýêñòðåìàëè � ïàðàìåòðèçîâàííûå äëèíîé äóãè êðèâûå â
ñóáðèìàíîâîì ïðîñòðàíñòâå (G, d), óäîâëåòâîðÿþùèå ÏÌÏ.

Íåñòðîãî àíîðìàëüíûå ýêñòðåìàëè � ýêñòðåìàëè, îäíîâðåìåííî
íîðìàëüíûå è àíîðìàëüíûå îòíîñèòåëüíî ðàçíûõ óïðàâëÿþùèõ
ôóíêöèé.
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Ïðåäëîæåíèå 2. (Liu W., Sussmann H., 1996)

Â ëþáîì ñóáðèìàíîâîì ïðîñòðàíñòâå êàæäàÿ íîðìàëüíàÿ
ýêñòðåìàëü ÿâëÿåòñÿ ãåîäåçè÷åñêîé, ò.å. ëîêàëüíî êðàò÷àéøåé
êðèâîé.

Ïðåäëîæåíèå 3. (Áåðåñòîâñêèé Â.Í., Çóáàðåâà È.À., 2023)

Êàæäàÿ àíîðìàëüíàÿ ýêñòðåìàëü ñóáðèìàíîâà ïðîñòðàíñòâà
(G2,1 ×G2,1, d) ÿâëÿåòñÿ îäíîé èç äâóõ îäíîïàðàìåòðè÷åñêèõ
ïîäãðóïï

g(t) = exp(ste2), t ∈ R, s = ±1,

èëè åå ëåâûì ñäâèãîì, è ÿâëÿåòñÿ íåñòðîãî àíîðìàëüíîé.

g(t) =


e−st 0 0 0

0 1 0 0
0 0 e−st 0
0 0 0 1

 , s = ±1, g(0) = e.
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Òåîðåìà 2. (Áåðåñòîâñêèé Â.Í., Çóáàðåâà È.À., 2020)

Ïóñòü G � ñâÿçíàÿ ãðóïïà Ëè ñ àëãåáðîé Ëè g, (e1, . . . , en) � áàçèñ
àëãåáðû Ëè g, òàêîé, ÷òî (e1, . . . , er) � îðòîíîðìèðîâàííûé áàçèñ
äëÿ ñêàëÿðíîãî ïðîèçâåäåíèÿ (·, ·) íà ïîäïðîñòðàíñòâå p,
ïîðîæäàþùåì àëãåáðó Ëè g; d � ëåâîèíâàðèàíòíàÿ ñóáðèìàíîâà
ìåòðèêà íà G, îïðåäåëÿåìàÿ ïàðîé (p, (·, ·)).
Êàæäàÿ ïàðàìåòðèçîâàííàÿ äëèíîé äóãè íîðìàëüíàÿ ãåîäåçè÷åñêàÿ
ñóáðèìàíîâà ïðîñòðàíñòâà (G, d) ñ íà÷àëîì â åäèíèöå ÿâëÿåòñÿ
ðåøåíèåì ñèñòåìû äèôôåðåíöèàëüíûõ óðàâíåíèé

ġ(t) = dlg(t)(u(t)), u(t) =

r∑
i=1

ψi(t)ei, |u(0)| = 1,

ãäå àáñîëþòíî íåïðåðûâíûå ôóíêöèè ψj(t), j = 1, . . . , 4,
óäîâëåòâîðÿþò ñèñòåìå ÎÄÓ

ψ̇j(t) =
n∑
k=1

r∑
i=1

Ckijψi(t)ψk(t).

Çäåñü Ckij � ñòðóêòóðíûå êîíñòàíòû â áàçèñå (e1, . . . , en) àëãåáðû Ëè
g.



Â íàøåì ñëó÷àå

x′ = ψ1 + ψ2, y′ = ψ1e
−x, z′ = ψ2, w′ = ψ1e

−z, (1)

ψ′1 = −ψ2ψ3, ψ′2 = ψ1ψ3, ψ′3 = ψ1ψ4 − ψ2ψ3, ψ′4 = −ψ1ψ4 − ψ2ψ4, (2)

x(0) = y(0) = z(0) = w(0) = 0; ψi(0) = ϕi, i = 1, 2, 3, 4; ϕ2
1 + ϕ2

2 = 1. (3)

Ïðåäëîæåíèå 4.

Åñëè ϕ4 6= 0, òî

x(t) = − ln

(
ψ4(t)

ϕ4

)
, y(t) =

ψ3(t)− ψ1(t)− ϕ3 + ϕ1

ϕ4
.

Åñëè ϕ3 + ϕ4 6= 0, òî

z(t) = − ln

(
ψ3(t) + ψ4(t)

ϕ3 + ϕ4

)
,

w(t) =
ψ2(t) + ψ3(t)− ψ1(t)− ϕ2 − ϕ3 + ϕ1

ϕ3 + ϕ4
.
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Ñà÷êîâ Þ.Ë. Ëåâîèíâàðèàíòíûå çàäà÷è îïòèìàëüíîãî óïðàâëåíèÿ íà
ãðóïïàõ Ëè: êëàññèôèêàöèÿ è çàäà÷è, èíòåãðèðóåìûå â
ýëåìåíòàðíûõ ôóíêöèÿõ // ÓÌÍ, 2022. Ò. 77, No. 1 (463). C.
109�176.

1) Ñóáðèìàíîâà çàäà÷à íà ãðóïïå Ãåéçåíáåðãà (çàäà÷à Äèäîíû);
2) Ñóáðèìàíîâû çàäà÷è íà ãðóïïå SE(2) (ìàøèíà
Ìàðêîâà�Äóáèíñà, ìàøèíà Ðèäñà�Øåïïà);
3) Îñåñèììåòðè÷íûå ñóáðèìàíîâû çàäà÷è íà ãðóïïàõ SU(2), SO(3),
SO0(2, 1), SL(2);
4) Çàäà÷à î êà÷åíèè ñôåðû ñ ïðîêðó÷èâàíèåì, áåç ïðîñêàëüçûâàíèÿ;
5) Îñåñèììåòðè÷íûå ðèìàíîâû çàäà÷è íà ãðóïïàõ PSL(2,R) è
SL(2,R);
6) Îñåñèììåòðè÷íûå ðèìàíîâû çàäà÷è íà ãðóïïàõ SO(3) è SU(2).
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2) Ñóáðèìàíîâà çàäà÷à íà ãðóïïå SE(2) åâêëèäîâûõ äâèæåíèé
ïëîñêîñòè;
3) Ñóáðèìàíîâà çàäà÷à íà ãðóïïå SH(2) äâèæåíèé
ïñåâäîåâêëèäîâîé ïëîñêîñòè;
4) Çàäà÷à Ýéëåðà îá ýëàñòèêàõ;
5) Ëåâîèíâàðèàíòíàÿ ñóáðèìàíîâà çàäà÷à îáùåãî âèäà íà SO(3);
6) Ñóáðèìàíîâà çàäà÷à íà ãðóïïå Ýíãåëÿ;
7) Ñóáðèìàíîâà çàäà÷à íà ãðóïïå Êàðòàíà.



Èç ïåðâûõ äâóõ óðàâíåíèé ñèñòåìû (2) è óñëîâèÿ ϕ2
1 + ϕ2

2 = 1:
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Â èòîãå:

cos θ · θ′′′ + sin θ · θ′′ · θ′ + cos θ ·
(
cos θ + 2 sin θ

)
· θ′′

+
(
θ′
)2

+ cos θ · sin θ ·
(
cos θ + sin θ

)
· θ′ = 0.
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Ïóñòü θ′(t) = V (θ). Òîãäà ëèáî V ≡ 0, ëèáî

V ′′ = −V
′2

V
−
(

tgθ +
cos θ + 2 sin θ

V

)
V ′ − 1

cos θ
− sin θ(cos θ + sin θ)

V
. (4)
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θ̃ = θ̃(θ, V ), Ṽ = Ṽ (θ, V ). (6)
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Dmitrieva V.V., Shapirov R.A. On the point transformations for the
second order di�erential equations. I // https://
arxiv.org/abs/solv-int/9703003

Îáîçíà÷åíèå: Zi,j = ∂i+jZ
∂θi∂V j . Îïðåäåëèì

A = P0,2−2Q1,1+R2,0+2PS1,0+SP1,0−3PR0,1−3RP0,1−3QR1,0+6QQ0,1,

B = S2,0−2R1,1+Q0,2−2SP0,1−PS0,1+3SQ1,0+3QS1,0+3RQ0,1−6RR1,0.

Ïñåâäîèíâàðèàíò F âåñà 5, îòêðûòûé Ëèóâèëëåì, èìååò âèä

3F 5 = AG+BH,

ãäå

G = −BB1,0 − 3AB0,1 + 4BA0,1 + 3SA2 − 6RBA+ 3QB2,

H = −AA0,1 − 3BA1,0 + 4AB1,0 − 3PB2 + 6QAB − 3RA2.



Ïðåäëîæåíèå 5.

Ïñåâäîèíâàðèàíò F = 0 äëÿ óðàâíåíèÿ (5) òîãäà è òîëüêî òîãäà,
êîãäà F = 0 äëÿ óðàâíåíèÿ (7).

Ïðåäëîæåíèå 6.

Åñëè F = 0 äëÿ óðàâíåíèÿ (5), òî ýòî óðàâíåíèå ýêâèâàëåíòíî
óðàâíåíèþ âèäà V ′′ = f(θ, V ).

Ïðåäëîæåíèå 7.

Ïñåâäîèíâàðèàíò F 6= 0 äëÿ óðàâíåíèÿ (4).

Ñëåäñòâèå.

Óðàâíåíèå (4) íå ýêâèâàëåíòíî íèêàêîìó óðàâíåíèþ Ïåíëåâå.



Muriel C., Romero J.L. Second-order ordinary di�erential equations and
�rst integrals of the form A(t, x)ẋ+B(t, x) // Journal of Nonlinear
Math. Physics, 2009. V. 16, No. 1. P. 209�222.

Ïðåäëîæåíèå 8.

Óðàâíåíèå (4) íå èìååò ïåðâûé èíòåãðàë âèäà A(θ, V )V ′ +B(θ, V ).

Kruglikov B.S., Vollmer A., Lukes�Gerakopoulos G. On integrability of
Certain Rank 2 Sub-Riemannian Structures // Regular and Chaotic
Dynamics, 2017. V. 22, No. 5. P. 502�519.

Ëîêóöèåâñêèé Ë.Â., Ñà÷êîâ Þ.Ë. Îá èíòåãðèðóåìîñòè ïî Ëèóâèëëþ
ñóáðèìàíîâûõ çàäà÷ íà ãðóïïàõ Êàðíî ãëóáèíû 4 è áîëüøå //
Ìàòåì. ñá., 2018. Ò. 209, No. 5. C. 74�119.
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Êîçëîâ Â.Â. Òåíçîðíûå èíâàðèàíòû êâàçèîäíîðîäíûõ ñèñòåì
äèôôåðåíöèàëüíûõ óðàâíåíèé è àñèìïòîòè÷åñêèé ìåòîä
Êîâàëåâñêîé�Ëÿïóíîâà // Ìàòåì. çàìåòêè, 1992. Ò. 51, âûï. 2. C.
46�52.

Îïðåäåëåíèå 1.

Ñèñòåìà èç n äèôôåðåíöèàëüíûõ óðàâíåíèé

ẋi = vi(x1, . . . , xn), 1 ≤ i ≤ n, (8)

íàçûâàåòñÿ êâàçèîäíîðîäíîé ñ ïîêàçàòåëÿìè êâàçèîäíîðîäíîñòè
g1, . . . , gn, åñëè

vi (αg1x1, . . . , α
gnxn) = αgi+1vi (x1, . . . , xn)

ïðè âñåõ çíà÷åíèÿõ x = (x1, . . . , xn) è äëÿ âñåõ α > 0.

Äðóãèìè ñëîâàìè, âñå óðàâíåíèÿ ñèñòåìû (8) èíâàðèàíòíû
îòíîñèòåëüíî ïîäñòàíîâêè xi → αgixi, t→ t/α.
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îòíîñèòåëüíî ïîäñòàíîâêè xi → αgixi, t→ t/α.



Óðàâíåíèÿ êâàçèîäíîðîäíîé ñèñòåìû (8) èìåþò ÷àñòíûå ðåøåíèÿ
ñëåäóþùåãî âèäà

x1 = c1t
−g1 , . . . , xn = cnt

−gn .

Ïðè ýòîì ïîñòîÿííûå êîýôôèöèåíòû (â îáùåì ñëó÷àå êîìïëåêñíûå)
ci óäîâëåòâîðÿþò àëãåáðàè÷åñêîé ñèñòåìå óðàâíåíèé

vi(c1, . . . , cn) = −gici, i = 1, . . . , n. (9)

Îïðåäåëåíèå 2.

Áàëàíñîì êâàçèîäíîðîäíîé ñèñòåìû ÎÄÓ (8) íàçûâàåòñÿ ëþáîå
íåíóëåâîå ðåøåíèå ñèñòåìû (9).



Äëÿ êàæäîãî áàëàíñà c ñèñòåìû ÎÄÓ (8) ìîæíî ñîñòàâèòü ìàòðèöó
Êîâàëåâñêîé K = (Kij), ãäå

Kij =
∂vi
∂xj

(c) + δijgi, i, j = 1, . . . , n,

ãäå δij � ñèìâîë Êðîíåêåðà: δij = 1 ïðè i = j è δij = 0 ïðè i 6= j.

Îïðåäåëåíèå 3.

Ñîáñòâåííûå çíà÷åíèÿ ìàòðèöû Êîâàëåâñêîé K = K(c) íàçûâàþòñÿ
ïîêàçàòåëÿìè Êîâàëåâñêîé äëÿ äàííîãî áàëàíñà c.

Ïðåäëîæåíèå 9.

Äëÿ âñÿêîãî áàëàíñà c îäèí èç ïîêàçàòåëåé Êîâàëåâñêîé âñåãäà
ðàâåí −1.
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Â íàøåì ñëó÷àå àëãåáðàè÷åñêàÿ ñèñòåìà (9) çàïèøåòñÿ â âèäå:

−c1 = −c2c3, −c2 = c1c3, −c3 = c1c4−c2c3, −c4 = −c1c4−c2c4.

Ïîìèìî íóëåâîãî ðåøåíèÿ, îíà èìååò ñëåäóþùèå íåíóëåâûå
ðåøåíèÿ:

(i, 1, i, 0), (−i, 1,−i, 0),

(
1 + i

2
,

1− i
2

, i,−i
)
,

(
1− i

2
,

1 + i

2
,−i, i

)
.

Ìàòðèöà Êîâàëåâñêîé äëÿ ñèñòåìû (2) è áàëàíñà c:

K =


1 −c3 −c2 0
c3 1 c1 0
c4 −c3 1− c2 c1
−c4 −c4 0 1− c1 − c2

 .
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Ïîêàçàòåëè Êîâàëåâñêîé:

−1, 1, 2,−i äëÿ áàëàíñà (i, 1, i, 0);

−1, 1, 2, i äëÿ áàëàíñà (−i, 1,−i, 0);

−1, 1, 2, 1+i2 äëÿ áàëàíñà
(
1+i
2 , 1−i2 , i,−i

)
;

−1, 1, 2, 1−i2 äëÿ áàëàíñà
(
1−i
2 , 1+i2 ,−i, i

)
.

Çàìå÷àíèå.

Ôóíêöèÿ I1 = ψ2
1 + ψ2

2 ÿâëÿåòñÿ ïåðâûì èíòåãðàëîì ñèñòåìû (2).

Îïðåäåëåíèå 4.

Áóäåì ãîâîðèòü, ÷òî ñèñòåìà ÎÄÓ (8) (ñ n óðàâíåíèÿìè) ïîëíîñòüþ
èíòåãðèðóåìà, åñëè îíà èìååò n− 1 ôóíêöèîíàëüíî íåçàâèñèìûõ
ïåðâûõ èíòåãðàëîâ.
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Huang K., Shi Sh., Li W. Kovaleskaya Exponents, Weak Painleve
Property and Integrability for Quasi�homogeneous Di�erential Systems
// Regular and Chaotic Dynamics, 2020. V. 25, No. 3. P. 295�312.

Òåîðåìà 3.

Ïðåäïîëîæèì, ÷òî êâàçèîäíîðîäíàÿ ñèñòåìà ïîëíîñòüþ
èíòåãðèðóåìà ñ ìåðîìîðôíûìè ïåðâûìè èíòåãðàëàìè. Òîãäà äëÿ
ëþáîãî áàëàíñà c ñïðàâåäëèâû ñëåäóþùèå óòâåðæäåíèÿ:

1) âñå ïîêàçàòåëè Êîâàëåâñêîé � ðàöèîíàëüíûå ÷èñëà;

2) æîðäàíîâ áëîê ìàòðèöû Êîâàëåâñêîé K(c), ñîîòâåòñòâóþùèé
ñîáñòâåííîìó çíà÷åíèþ ρ 6= −1, èìååò ðàçìåð 1;

3) æîðäàíîâ áëîê ìàòðèöû Êîâàëåâñêîé K(c), ñîîòâåòñòâóþùèé
ñîáñòâåííîìó çíà÷åíèþ ρ = −1, èìååò ðàçìåð 1 èëè 2.

Òåîðåìà 4.

Ñèñòåìà ÎÄÓ (2) íå ÿâëÿåòñÿ ïîëíîñòüþ èíòåãðèðóåìîé.
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Òåîðåìà 3.

Ïðåäïîëîæèì, ÷òî êâàçèîäíîðîäíàÿ ñèñòåìà ïîëíîñòüþ
èíòåãðèðóåìà ñ ìåðîìîðôíûìè ïåðâûìè èíòåãðàëàìè. Òîãäà äëÿ
ëþáîãî áàëàíñà c ñïðàâåäëèâû ñëåäóþùèå óòâåðæäåíèÿ:

1) âñå ïîêàçàòåëè Êîâàëåâñêîé � ðàöèîíàëüíûå ÷èñëà;

2) æîðäàíîâ áëîê ìàòðèöû Êîâàëåâñêîé K(c), ñîîòâåòñòâóþùèé
ñîáñòâåííîìó çíà÷åíèþ ρ 6= −1, èìååò ðàçìåð 1;

3) æîðäàíîâ áëîê ìàòðèöû Êîâàëåâñêîé K(c), ñîîòâåòñòâóþùèé
ñîáñòâåííîìó çíà÷åíèþ ρ = −1, èìååò ðàçìåð 1 èëè 2.

Òåîðåìà 4.

Ñèñòåìà ÎÄÓ (2) íå ÿâëÿåòñÿ ïîëíîñòüþ èíòåãðèðóåìîé.



Huang K., Shi Sh., Li W. Kovaleskaya Exponents, Weak Painleve
Property and Integrability for Quasi�homogeneous Di�erential Systems
// Regular and Chaotic Dynamics, 2020. V. 25, No. 3. P. 295�312.

Òåîðåìà 3.

Ïðåäïîëîæèì, ÷òî êâàçèîäíîðîäíàÿ ñèñòåìà ïîëíîñòüþ
èíòåãðèðóåìà ñ ìåðîìîðôíûìè ïåðâûìè èíòåãðàëàìè. Òîãäà äëÿ
ëþáîãî áàëàíñà c ñïðàâåäëèâû ñëåäóþùèå óòâåðæäåíèÿ:

1) âñå ïîêàçàòåëè Êîâàëåâñêîé � ðàöèîíàëüíûå ÷èñëà;

2) æîðäàíîâ áëîê ìàòðèöû Êîâàëåâñêîé K(c), ñîîòâåòñòâóþùèé
ñîáñòâåííîìó çíà÷åíèþ ρ 6= −1, èìååò ðàçìåð 1;

3) æîðäàíîâ áëîê ìàòðèöû Êîâàëåâñêîé K(c), ñîîòâåòñòâóþùèé
ñîáñòâåííîìó çíà÷åíèþ ρ = −1, èìååò ðàçìåð 1 èëè 2.

Òåîðåìà 4.

Ñèñòåìà ÎÄÓ (2) íå ÿâëÿåòñÿ ïîëíîñòüþ èíòåãðèðóåìîé.



Êà÷åñòâåííîå ïîâåäåíèå ñóáðèìàíîâûõ ãåîäåçè÷åñêèõ íà

G2,1 ×G2,1

Â íàøåì ñëó÷àå

x′ = ψ1 + ψ2, y′ = ψ1e
−x, z′ = ψ2, w′ = ψ1e

−z,

ψ′1 = −ψ2ψ3, ψ′2 = ψ1ψ3, ψ′3 = ψ1ψ4−ψ2ψ3, ψ′4 = −ψ1ψ4−ψ2ψ4,

x(0) = y(0) = z(0) = w(0) = 0; ψi(0) = ϕi, i = 1, 2, 3, 4; ϕ2
1+ϕ2

2 = 1.

x′ = cos θ + sin θ, z′ = sin θ, θ′ = (ϕ3 + ϕ4)e−z − ϕ4e
−x, (10)

ãäå x(0) = z(0) = 0, θ(0) = θ0.
Îáîçíà÷èì

v(t) = x(t)− z(t), t ∈ R; α := ϕ3 + ϕ4, β := ϕ4.

Ñèñòåìà (10) çàïèøåòñÿ â âèäå

v′ = cos θ, z′ = sin θ, θ′ = αe−z − βe−v−z, (11)

ãäå v(0) = z(0) = 0, θ(0) = θ0.



Êà÷åñòâåííîå ïîâåäåíèå ñóáðèìàíîâûõ ãåîäåçè÷åñêèõ íà

G2,1 ×G2,1

Â íàøåì ñëó÷àå

x′ = ψ1 + ψ2, y′ = ψ1e
−x, z′ = ψ2, w′ = ψ1e

−z,

ψ′1 = −ψ2ψ3, ψ′2 = ψ1ψ3, ψ′3 = ψ1ψ4−ψ2ψ3, ψ′4 = −ψ1ψ4−ψ2ψ4,

x(0) = y(0) = z(0) = w(0) = 0; ψi(0) = ϕi, i = 1, 2, 3, 4; ϕ2
1+ϕ2

2 = 1.

x′ = cos θ + sin θ, z′ = sin θ, θ′ = (ϕ3 + ϕ4)e−z − ϕ4e
−x, (10)

ãäå x(0) = z(0) = 0, θ(0) = θ0.
Îáîçíà÷èì

v(t) = x(t)− z(t), t ∈ R; α := ϕ3 + ϕ4, β := ϕ4.

Ñèñòåìà (10) çàïèøåòñÿ â âèäå

v′ = cos θ, z′ = sin θ, θ′ = αe−z − βe−v−z, (11)

ãäå v(0) = z(0) = 0, θ(0) = θ0.



Ñèñòåìà (11) çàäàåò íàòóðàëüíîå óðàâíåíèå ïëîñêîé êðèâîé
γ(t) = (v(t), z(t)) ⊂ R2 ñ ôóíêöèåé êðèâèçíû

k(t) = e−z(t)(α− βe−v(t)).

Îïðåäåëåíèå 5.

Åñëè êðèâàÿ γ(t) â R2 ïàðàìåòðèçîâàíà äëèíîé äóãè t c ôóíêöèåé

êðèâèçíû k(t), òî âåëè÷èíà R(t1, t2) :=
t2∫
t1

k(t)dt íàçûâàåòñÿ åå

ïîâîðîòîì (a turning angle) íà îòðåçêå [t1, t2]. Ïîâîðîò êðèâîé íà
îáëàñòè åå îïðåäåëåíèÿ íàçûâàåòñÿ èíòåãðàëüíîé êðèâèçíîé.

Â íàøåì ñëó÷àå

R(t1, t2) =

t2∫
t1

k(t)dt = θ(t2)− θ(t1).



Íà êàæäîì èíòåðâàëå I ⊂ R, ãäå ôóíêöèÿ θ′′(t) = k′(t) íå ìåíÿåò
çíàê (ãäå êðèâèçíà ëèáî ñòðîãî âîçðàñòàåò, ëèáî ñòðîãî óáûâàåò),
êðèâàÿ γ(t) íå èìååò ñàìîïåðåñå÷åíèé. Ïîýòîìó íàëè÷èå
áåñêîíå÷íîãî ÷èñëà òàêèõ ñàìîïåðåñå÷åíèé âëå÷åò íàëè÷èå
áåñêîíå÷íîãî ÷èñëà èíòåðâàëîâ ñ ìåíÿþùåé çíàê (îñöèëëèðóþùåé)
ïðîèçâîäíîé θ′′(t).

Åñëè α = β = 0, òî

v(t) = cos(θ0) · t, z(t) = sin(θ0) · t, θ(t) = θ0.

Ïóñòü α > 0, β = 0, θ0 � ëþáîå. Òîãäà

θ′(t) = cos θ(t)+a, θ(0) = θ0; v(t) = θ(t)+at−θ0; a := α−cos θ0 > −1.



Íà êàæäîì èíòåðâàëå I ⊂ R, ãäå ôóíêöèÿ θ′′(t) = k′(t) íå ìåíÿåò
çíàê (ãäå êðèâèçíà ëèáî ñòðîãî âîçðàñòàåò, ëèáî ñòðîãî óáûâàåò),
êðèâàÿ γ(t) íå èìååò ñàìîïåðåñå÷åíèé. Ïîýòîìó íàëè÷èå
áåñêîíå÷íîãî ÷èñëà òàêèõ ñàìîïåðåñå÷åíèé âëå÷åò íàëè÷èå
áåñêîíå÷íîãî ÷èñëà èíòåðâàëîâ ñ ìåíÿþùåé çíàê (îñöèëëèðóþùåé)
ïðîèçâîäíîé θ′′(t).

Åñëè α = β = 0, òî

v(t) = cos(θ0) · t, z(t) = sin(θ0) · t, θ(t) = θ0.

Ïóñòü α > 0, β = 0, θ0 � ëþáîå. Òîãäà

θ′(t) = cos θ(t)+a, θ(0) = θ0; v(t) = θ(t)+at−θ0; a := α−cos θ0 > −1.



Íà êàæäîì èíòåðâàëå I ⊂ R, ãäå ôóíêöèÿ θ′′(t) = k′(t) íå ìåíÿåò
çíàê (ãäå êðèâèçíà ëèáî ñòðîãî âîçðàñòàåò, ëèáî ñòðîãî óáûâàåò),
êðèâàÿ γ(t) íå èìååò ñàìîïåðåñå÷åíèé. Ïîýòîìó íàëè÷èå
áåñêîíå÷íîãî ÷èñëà òàêèõ ñàìîïåðåñå÷åíèé âëå÷åò íàëè÷èå
áåñêîíå÷íîãî ÷èñëà èíòåðâàëîâ ñ ìåíÿþùåé çíàê (îñöèëëèðóþùåé)
ïðîèçâîäíîé θ′′(t).

Åñëè α = β = 0, òî

v(t) = cos(θ0) · t, z(t) = sin(θ0) · t, θ(t) = θ0.

Ïóñòü α > 0, β = 0, θ0 � ëþáîå. Òîãäà

θ′(t) = cos θ(t)+a, θ(0) = θ0; v(t) = θ(t)+at−θ0; a := α−cos θ0 > −1.



Ïóñòü a > 1. Òîãäà ôóíêöèÿ θ(t) ñòðîãî âîçðàñòàåò è ïðèíèìàåò âñå
âåùåñòâåííûå çíà÷åíèÿ. Óãîë ïîâîðîòà êðèâîé γ(t) = (v(t), z(t))
áåñêîíå÷åí íà ëó÷àõ (−∞, 0] è [0,∞). Ìîæíî äîêàçàòü, ÷òî òîãäà
êðèâàÿ γ(t) èìååò áåñêîíå÷íîå ÷èñëî ñàìîïåðåñå÷åíèé.

Íà ðèñ. 1 èçîáðàæåí ãðàôèê êðèâîé γ(t) â ñëó÷àå a = 3/2 > 1,
θ0 = π/4.



Ïóñòü −1 < a < 1, a 6= 0. Íà ðèñ. 2 èçîáðàæåí ãðàôèê êðèâîé γ(t) â
ñëó÷àå a = 1/2, θ0 = π/4.



Ïóñòü −1 < a < 1, a 6= 0. Íà ðèñ. 3 èçîáðàæåí ãðàôèê êðèâîé γ(t) â
ñëó÷àå a = −1/2, θ0 = π/4.



Ïóñòü a = 0. Âñå òî÷êè êðèâîé γ(t) ëåæàò íà ïëîñêîé êðèâîé

cos(v + θ0) · ez(t) = a.

Ýòà êðèâàÿ íå èìååò ñàìîïåðåñå÷åíèé, ÿâëÿåòñÿ áåñêîíå÷íîé è
âûïóêëîé, åå èíòåãðàëüíàÿ êðèâèçíà ðàâíà π.

Íà ðèñ. 4 èçîáðàæåí ãðàôèê êðèâîé γ(t) ïðè a = 0, θ = π/4.



Åñëè a = 0, θ0 = 2πn, n ∈ Z, âñå òî÷êè êðèâîé γ(t) ëåæàò íà ïëîñêîé
êðèâîé

z = − ln(cos(v)), v ∈ (2πn− π/2, 2πn+ π/2).

Íà ðèñ. 5 èçîáðàæåí ãðàôèê êðèâîé γ(t) ïðè a = 0, θ0 = 2π.



Ïðåäëîæåíèå 10.

Ïóñòü (v(t), z(t), θ(t)) � ïðîèçâîëüíîå ðåøåíèå ñèñòåìû ÎÄÓ

v′ = cos θ, z′ = sin θ, θ′ = αe−z−βe−v−z; v(0) = z(0) = 0, θ(0) = θ0.
(12)

Åñëè α > 0 è β > 0 (ñîîòâ., α < 0 è β < 0), òî z(t)→∞ ïðè t→∞
(ñîîòâ., ïðè t→ −∞).

Íà ðèñ. 6 èçîáðàæåí ãðàôèê ôóíêöèè z(t) ïðè α = 1, β = 3,
θ0 = π/4.



Òåîðåìà 4.

Ïóñòü α > 0, β > 0 è θ0 = θ(0) ∈ (0, π) òàêîâû, ÷òî

sin θ0 > −Ψ = β − α+ α · ln α
β
∈ [0, 1).

Òîãäà äëÿ ðåøåíèÿ ñèñòåìû óðàâíåíèé (12) âûïîëíåíî íåðàâåíñòâî

ez(t) · sin θ(t) > κ := sin θ0 + Ψ > 0

äëÿ âñåõ t > 0. Êðîìå òîãî, ñïðàâåäëèâû ñëåäóþùèå óòâåðæäåíèÿ:

1) θ(t) ∈ (0, π) äëÿ âñåõ t ∈ (0,∞);

2) z′(t) = sin θ(t) > 0 äëÿ âñåõ t ∈ (0,∞), ñëåäîâàòåëüíî, z(t) ñòðîãî
âîçðàñòàåò íà ïîëîæèòåëüíîé ïîëóîñè;

3) z(t) ≥ ln(1 + κt) äëÿ âñåõ t ∈ (0,∞); â ÷àñòíîñòè, z(t)→∞ ïðè
t→∞;

4) cos θ(t)− cos θ0 > −α ·
(
1− e−z(t)

)
ïðè t ∈ (0,∞);

5) ôóíêöèÿ t→ ln
(

tg θ(t)2

)
− α

κ · t ñòðîãî óáûâàåò íà (0,∞).



Ëåãêî ïðîâåðèòü, ÷òî α = 1, β = 2, θ0 = π/4 óäîâëåòâîðÿþò
óñëîâèÿì òåîðåìû 4.

Íà ðèñ. 7 èçîáðàæåí ãðàôèê ôóíêöèè θ(t).

Íà ðèñ. 8 èçîáðàæåí ãðàôèê ôóíêöèè v(t) (ôóíêöèè (t)).



Òåîðåìà 5.

Ïóñòü α > 0, β > 0 è −Ψ = β − α+ α · ln α
β ∈ [0, 1). Ïóñòü ðåøåíèå

ñèñòåìû óðàâíåíèé (12) òàêîâî, ÷òî

θ0 ∈ (0, π), cos θ0 − α > −1/
√

2, sin θ0 > −Ψ.

Òîãäà x(t) = z(t) + v(t)→∞ è z(t)→∞ ïðè t→∞, ïðè÷åì
ôóíêöèÿ z(t) ñòðîãî âîçðàñòàåò ïðè t ∈ (0,∞). Êàê ñëåäñòâèå,
θ′(t)→ 0 ïðè t→∞.

Òåîðåìà 6.

Äëÿ ëþáîãî ðåøåíèÿ ñèñòåì ÎÄÓ (1), (2) ñ íà÷àëüíûìè äàííûìè
(3) ñïðàâåäëèâî ðàâåíñòâî(

ϕ1 − ϕ3ϕ4y(t) + (ϕ3 + ϕ4)e−z(t) − ϕ4e
−x(t)

)2
+ (ϕ2 + (ϕ3 + ϕ4)w(t)− ϕ4y(t))

2
= 1.



ÁÎËÜØÎÅ ÑÏÀÑÈÁÎ ÇÀ ÂÍÈÌÀÍÈÅ!


